
① pol

② D.A

③ DXA

④ D (fg) = fpg + gxf

⑤ D (A 、 B) = B × (7×A) + AxDxB ) +BD) A +A)B

⑥ D.CfA ) = fD . A + A . (xf )

⑦ P. (A × B) = B . (DxA) - A . (D × B )

⑧ P× (FA) = fD× A + xf) × A

⑨ D × (AxB) = A (D. B) - B (D. A) + ( B . D) A - AD) B

⑩ D
2f

⑪ Dxxf = 0

⑫ D(D. A)

⑬ D. (D×A) = 0

⑭P ×( P× A )= D (D.A) - DRA

sphericaltwordimates : (r,θ ,φ)
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最基本的 :

① Pad

② DaAa = g au l g Aµ )

③ PXA = Eabc a. Ac

Product Rules ;

aafg) = f 2a (9) + gaa(f )
④ D(fg ) = fxgtgpf

⑤ D (A . B) = B× (xxA) + A× (xxB) + B)A + AD) B

Proof. LHS - JaAMBM) : Au 2aBu t Bn 2aAM 注意 : BuaaAu

RHS = Eabc Bb Ecde pate t BbDBAa = BuJagurAr )

t Eabc Als acde paBe t AbDbAa = BrJaAr + BuAraa
注意 Eabcqcde = ()

2 Eabcqdec = sdcasbj2 ! ⼑

刚才就⾜这⾥问题
代入 RHS = 2 Bb PEaAb] + Bb DsAa

+ 2 AbpcaBb了 + AbpbAa

= BbPaAb t AbpaBb

注意 : BbpaAb + AbpaBb

= Bb aaAb-PBaBAc

t Abaa Bb-Pa A" Bc

⽽ - Pa B"Ac - Pba A" Bc
∴ LHS = RHS

= AbBo tged Taa- gbd pda )

= - 2 AbBcgdCTb'da

Pagbc = 0 = 2a gbe + Pla gdc + Pra gab!
= 2AbBc Jagbc



⑥ PalfAa) = g 2ulgfAu )

= g f aul g Au) + Auauf
= fPaAa + Aapaf

⑦ D. CAxB) = B. (D×A) - A . (DxB)
Δ Δ

proof . LHS = g aul g querAoBr )

= 号aul teBereoo ). DαAβ= 2α Aβ
肯s

e
µ pσ

= geneoautAeo 纺射对体尔
-A ⼀

MVOσλT EMPTEUXBLAB = EMTBDα Aβ

∞ 州①⼀

RHS = BPENXPJXAβ -ApERXS☆
patae2 aAotAsEka↑2aBH 函 dxu)b = dx) b 80e= EH☆( BM22AB + AB 2aBH 了 ⇐
=EAHBBBR

alse. )=
⑧ D× (fA) = FPxA+) × A

LHS = Eabc Pb (fAc )

= Eabc ab (fAc )

= EabaabfJAC tfaA. J

= RHS

⑨>×(AxB ) = A (D .B ) -B(D-A ) +B ·PA - AD) B

LHS = Eabc Pb ( Ecde Ad Be) RHS = Aa DsBb - Ba PbAb t B
" PBAG - AbPoBa

= Eabc ab (Ecde Ad Be ) = Aagab ( gB> - Ba( ab ( gAb)]

= a)ag eavear ( geerrA
+
B
^ J + Bb abAa + TaB"AC - AbabBa - PcB

'Ab

↓ ↓
= 录ajagt )21sus )aulgArBY gBbangAa - gAbangs( ) ( )

∠IuHs = RHS
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Second Derivaatives

⑩ p
2f = papaf : g ral g aaf )

⑪ DxDf = Eaba abacf = O

⑩ D (D. A) = DaPbAb = aa( g ab ( gab) )

⑬ D (PxA) = Pa ( Eabc pnAc )

= Da ( Eabc abAc )

= g aal gqabcabAc )

= Eabc aaabAc = O

⑭P ×( D ×A )= D (D .A)- D ^A

Proof . LHS = Eabc Pu (Ecde DdAe ) RHS = DaPBAb - DbDbAa

gaf E5
de adAe

= Eabc als ( Ecde adAe )\ = 2ag ab ( gA ") )

= g (p 2 ! srdS " esab( g adAe ) - a (DAa ] -PBbpCAa _ T淡 DbAs

= g 2 : ab( gaCaAb> ) = 2ag ab ( gA ")) - g ab( gDbAa]

Ecde Da Ae = ± Ecde ( pdAe - DeAd )
⼀个品A%

↓

adAe + gd5 TfgAg aaabA + 2aAbabg( 1) l

- aeAd - gefpd ↓ g

fgAg g ab ( gaaAb) - 2a1 gg d
→

I Ecalead Ae

g ab ( gaaAb] + Ab 2
agbg )

∠

g ab ( g abAa) - g abl g gbcTcdAd )

= g 2 ab ( g a(aAb> ) +Abaagg )

- g abl g gbcTcdAd) - T台 DbAC
显然 , 下⾯我们需要证明 :

V

- g ablggbcTcAd ) -TDbAagX



g ab ( ggbcidAd ) -品 DA= Abaagbg( )

Proof . LHS =gbcTd abAd
X

RHS = Abaalgbg ) ⼀个 cbAc

Adgablggbopadl -Pa gbd pdeAe

= 部台c bAc Adgabtggbepral
V

LHS = Eabc as (gof a5
de adte ) ggeadAg
→

= Eabc ab ( Ecde gfdgge afAg )
gcegabadgbcs adgae

= EabcablEcdeadAe Agagge)
ad( gab gbc) = 0 = gab adgbc t gbcadgab

= Eaba ab (Ecde adfe) - Eabc ab(Ecde Agadgge ) ⇒ adgab = - gbcgaeadgce
= g 2 ! ab( g zCaAb>) - qabc ab(Ecde Agadgge )

↓

- g C) ^ 2 !
8

cd 8
"
e] ab ( gAgzdgge) = - g 2ablg Azlag^ )

下⾯要证明 :

Abasgbgt 'gablggbcpcdAd )-T 台cDAg2ab ( gAalags)

l

LHS= - g 2abl g Aalag) Igcd abged

aagbc - abgac = - gad gbe gef (adgef-Jegat
oo

: gbegot 2Tfe - gadagged )
w

T台c = gad ± (abgad + 2cgbd-adgc )

adgfe-aagfdaggde()TF
- aad

60 00 pge - gad afged = gad( aegfd - 2agfe )

LHS - - g ab( g Afgbe zTfe - gadazged)

= - g 2 ab ( g Afgbepge ) + g ab ( g Afgbegadazged )



LHS - RHS

= - g abl g gbcTidAd ) t gab ( gAfgbegadafged ) -Abaa ( igedabgea)T 台cxAc

= - Ad g ablg gbcTid ) + gablgAgbga ag ) -Abaaligedabgea ) +gbdpcPa.tae

- angocTia Ade abAgbgaagadll( ) + TcabAc

现在需要证明的⾜:

- g aalggbcTaagablggbgaag)dd-aatzgeaagal tgbdpcTa。

② - gbcTatgbgaagddelltTdegabo\
⼜错了

⑩ 的推导其实很简单 , 只需要注意 DaEbcd = 0

Pf . Pa ε
blbm

= dx()a剥(
)
… (灵m)" a µ ( g )sgn

(…… n ) +P台 esgule………[ g

⼗ …

= dx)a)" …"[
-

ga )sgn ("… …
n) + Papsgu (

r -unip…n " n) ]
+ zg

- 火
a
µg ) sgn (

^…∵ ] ↓
= O 「Passgn(

…

n )

↓
P × (P ×A) = D(D·A) - DRA Ʃ geσ ( augor + 20gur -2aue )

= I ger Juger
LHS = EabcDbadepdAe )

= zgaug
= Eabc Ecde pbndAe

= [)
2

Eabc Edec DbpdAe

= ()
^ 2 !sdcasepbodAe PobPaAagbe =gcRbadAd = RadAd

= (j 2 ! DbDCaAb] 6 DbPaAb - PaDbAb = RabAb

= DbPaAb - DbobAa = PaDbAb - DbPBAa + RabAb


